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1. Introduction 

Recently important advances have been made in the description of the analytic 
torsion of compact Riemannian manifolds with boundary |15) [S] [Tj [5j . In partic- 
ular, in the last two works a formula for the analytic torsion of a compact oriented 
Riemannian manifold with boundary and absolute or relative boundary conditions 
was given. On the other side, in a series of works [11] [8] [7] [9], we presented explicit 
calculations of the analytic torsion of some class of manifolds and pseudomanifolds. 
In particular formulas for the torsion of a cone over a compact manifold where 
given. When working with cones, a natural question arises: if we truncate the cone 
we end up with a manifold. Does the analytic torsion of the cone coincide with some 
limit of the torsion of the truncated cone? This question was suggested to us by 
W. Miiller, and the answer is given in the Section [5] below, for an odd dimensional 
section. It turns out that some regularization is necessary, before taking the limit. 
The divergent terms are topological, in the sense that they come from the R torsion 
part of the analytic torsion, and non from the boundary term. More precisely, they 
come from the homology. Is then interesting to observe that the limit of the R 
torsion after this regularization process coincides with the intersection torsion, as 
expected, since the cone is in general a pseudomanifold. 

The natural way to tackle this question is to compute the Reidemeister torsion 
of the conical frustum and hence to apply the Cheeger [1] Miiller [TH] theorem 
for manifolds with boundary in order to obtain the analytic torsion. Shortly, this 
means to add the boundary contribution, as described in works of Briining and Ma 
[T] [2]. The last step will be to consider the limit case. This is the aim of this 
note, and is presented in the next four sections. In the last section we describe in 
details a particular case, namely the frustum over a circle. We present a detailed 
analysis of this case, that helps in understanding the general process. We also give 
an explicit calculation of the analytic torsion applying the definition. It is clear 
that the technique used for the circle admits a straightforward generalization to 
the case of any section; indeed, explicit calculations are given in the last section 
of [S], where however mixed boundary conditions were considered. Also note that 
the cone over a sphere is a manifold, and hence in this case intersection torsion is 
replaced by genuine torsion: all the spaces involved in the limit process, namely 
the frustum and the cone, are regular manifolds; however a regularization is still 
necessary, since the homology is not trivial. 
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2. Geometric setting 

Let W he a compact connected oriented m dimensional Ricmannian manifold 
with metric g. The conical frustum (or truncated cone) over W is the product 
manifold FW = [h, I2] x W, where < Zi < h, with metric (in the local coordinates 
{x,y), where j/ is a local system on W) 

g-p — dx ® dx -\- x^g. 

The boundary of YW is the disjoint union d¥W — Wi U W2 of two copies of the 
W, Wj = {W,l'^g), with metric P^g. 

In order to deal with the R torsion of FW, we need some results on harmonic 
forms. By Hodge theory, it is clear that 7i'^(FW) is isomorphic to 7i'^{W). We 
need an explicit map. For we study the harmonic forms using the approach of [5] 
(see also [TB] ) . It is clear that the formal solutions of the eigenvalues equation on 
FW and on the cone over W are the same, hence the next lemma follows (see [5] 
Sections 3.3 and 8.1 for more details and for the notation). 

Lemma 1. Let {(p[^^j., (p[^^^, (p'fj ^} be an orthonormal base ofT{W,K^'^''T*W) con- 
sisting of harmonic, closed and coclosed eigenforms of A^"^^ on W. Let Xq n denotes 
the eigenvalue of (pl!^J „ and mcci,q,n its multiplicity. Define aq — h{l + 2q — m), 



fiq n = -\J\,7i + ctq: o.'>^d o±^q^n = oiq ± fiq^n- Then, all the solutions of the har- 
monic equation Au — 0, are convergent sums of forms of the following four types 
(as usual, a tilde denotes operations and quantities relative to the section): 

1(1) _ Q±,,,„ (9) 
V±,l,n — 'f'ccLn' 

^£k„ + a^^q^^,.x'^^■^--^'dx A ^tl^^ , 

Next, introducing absolute BC (as defined in [181 Section 4] , or see [8j Section 
2]): Sabs(w) = if and only if u:norm\dw = and {duj)norm,\dw = 0, we have the 
following result, whose proof is by direct verification: namely take the four types of 
forms as given in Lemma [T] and apply absolute BC to each. The unique forms that 
satisfy the absolute BC are the V'i^i 0, where Ag_o = by definition. Sufficiency 



is easily verified: for (-0i'''i^o)riorm = 0, and {dil}^^\ ,^)norm = a±^q^nX°-^i--^ Vi'i 
and this vanishes at a; = and x — I2 'li and only if a_^q,„ = 9 ~ \/ \,n + g^ = 0. 
The result for relative BC is similar. 

Lemma 2. The space of harmonic forms ^abs(^^^) coincides with the constant 
normal extension of the forms in T-L''(W). The map uj i-> {~lYx™'^'^'^dx Aui defines 
an isomorphism of'H''{W) onto 'H'^^ {FW). 



.1,0' 



3. R TORSION 



In this section we calculate the R torsion of the frustum. For we first review 
some necessary notation. 
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3.1. We recall briefly the definition of the torsion of a finite chain complex of finite 
dimensional F-vectors spaces (where F is a field of characteristic 0) 

L : Om ^ L-m-l ^ ■ ■ • ^ Oi ^ Oq- 

Let = keidq, Bq = ImQ^+i, and Hq = Zq/Bq. We assume that preferred 
bases Cq — {cq^} and hq = {hq^j} are given for Cq and Hq, respectively, for each 
q. Let bq = {fo^j} be a set of independent vectors in Cq with dq{bq) ^ 0, and 
let = {zqj} be a set of independent vectors in Zq with p(zq_j) = hqj. Then, 
considering the sequence 

Bq ^ Zq Hq ^ 0, 

a basis for Zq is given by the basis 9g_|_i(6q+i) of Bq and the set Zq. We denote this 
basis by dq+i{bq+i),Zq (see [12 for details). By the same argument, the sequence 

*- Zq ^ Cq — ^ Bq^l ^ 0, 

Oq 

determine the basis 9g+i(6q-|.i), z^, 6^ of Cq. Let {dq-f-i{bq^i), Zq,bq/cq) denote the 
matrix of the change of basis. Then, the torsion of C is the class 



t(C;v) = Y[[det{dq+l{bq+l), Zq,bq/Cq)] 



(-1)' 




in F^/{±1}. It is easy to see that the torsion is independent of the graded bases 
b = {bq} and on the lifts z — {zq}, but depends on the graded homology basis 
h = {hq}. More precisely, T{C]h) depends on the volume element v = ®^^Qhq in 
^^qA.^'' Hq, where = rkiJ^ (see for example [H]), and this explain the notation. 

Now recall that the cylinder of the complex C is the mapping cylinder of the 
identity id : C ^ C, i.e. the complex Cq{Cyl[C)) — Cq® Cq-i ffi Cq with boundary 

A preferred basis for Cq{Cyl{C)) is c, = {c,j ® ® 0, ® c^.i^^ © 0, © © c,,;}. 
By construction, Cyl{C) has an homology graded preferred basis, and therefore its 
Whitehead torsion is well defined. We denote the preferred basis of Hq{Cyl{C)) by 
hq, and we let Zq denotes a lift of cycles of hq. Now we have the decomposition 
Bq{Cyl{C)) = luidqj^i — {lu\dq+i + kerdq) © lu\dq © (Im9g+i + kerS,), and hence 
a set of independent elements in Cq(Cyl{C)) with non trivial image is bq = {bq^j © 
OffiO,0©0©6,,/c,0©6g_i,i ffiO,0©Zg_i,i ©0,0©5g(6,,h) ® 0}, that we denote by: 
&9ffi0ffi0,0©0ffi6,,0©6g_i©0,0©2;g_i©0,0©ag(\)©0. A basis for Zq[Cyl{C)) 
is then bq,Zq, and a basis for Cq(Cyl(C)) is dqj^i{bq^i),Zq,bq. Reordering and 
simplifying, we obtain the new basis 

dq+l(bq+l), Zq, Iq ^Oq + l (feg+l) © © , , 6, © © 0, 

© dq{bq) © 0, © © 0, © bq-l © 0, 

© 0©, dq+i{bq+i),0 © © Zg, © © 6g. 
This gives (with some care at the higher dimensions) 

[<lei{dq+l(bq+l),Zq,bq/'6q)\ 

= [(Ci(^9)/^9)][det(9q+i(6g+i),Zg,&q/cq)]^[det(aq(6g),Zg_i,6g_i/cg_i)], 
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where i : C — >■ Cyl(C) denotes the mclusion, and for the torsion 

3.2. Let {K, L) be a pair of connected finite cell complexes of dimension to, and 
{K , L) its universal covering complex pair, and identify the fundamental group 
TT — ■Ki{K) with the group of the covering transformations of K. Note that covering 
transformations are cellular. Let C{{K , L); Z) be the chain complex of {K, L) with 
integer coefficients. The action of the group of covering transformations makes each 
chain group Cq{{K, L); Z) into a module over the group ring Ztt, and each of these 
modules is Z7r-free and finitely generated with preferred basis given by the natural 
choice of the g-cells of K — L. Since K is finite it follows that C{{K, L); Z) is free and 
finitely generated over Ztt. We obtain a complex of free finitely generated modules 
over Xtt that we denote by C{{K, L); Ztt). Let p : tt — >■ 0(F, k) be an orthogonal 
representation of the fundamental group on a F-vector space V of dimension k, 
and consider the twisted complex C{{K, L); Vp) = V ^i-n C{{K, L); Ztt). Then, the 
torsion of {K, L) with respect to the representation p is the class 

t{{K,L)-p,v)^t{C{{K,L)-Vp)-y), 

of F></{±1}. 

Next, let W be an to dimensional orientable compact connected Riemannian 
manifold with metric g and possible boundary dW . The torsion of W can be defined 
taking any smooth triangulation or cellular decomposition of W . Moreover, the 
volume element v can also be fixed by using the metric structure. More precisely, 
given a graded orthonormal basis for the space of harmonic forms 'H'(Vl^), either 
with absolute or relative BC, and applying the De Rham map (see for example [TS] ) 

we obtain a preferred homology graded basis h = A{a) , that fix the volume element 
w = A{a), where a is the volume element determined by a. This gives the R torsion 
of W , and the relative R torsion of (VF, dW): 

M{W,g)-p)^T{C{W-Vp)-A{a)), T^((W,dW,g)- p) = T{C{{W,dW)-Vp)-A{a)). 

3.3. It is clear that C{YW) = C(VFx/) = Cyl{C{W)), however in order to compute 
the R torsion we need to give to each complex the graded homology basis induced 
by the geometry. For we have at least two approaches: first apply the definition, 
and second use the exact sequence of the pair (FW, W2)- We start with the first 
approach, and we will sckech the second one at the end of the section. 

Let denote by -kg the Hodge operator in the metric g. Let 92 = ^iff- 1^ clear 
that T^Tgj = lT~'^''*g- Forms on FW decompose as w = cui + dx A UJ2- Writing 
y) ~ fi{x)u!i{y) + f2{x)dx A uj2{y), a simple calculation gives 

^g,u; = x"-2«+2/2(x) kg uJ2{y) + {-irx"^-^^Mx) A *gOj,{y). 

As vector spaces W{W) = W{W2)- If ijJ is in ^{W), denote the the constant 
extension of cj in T-Ll^^iYW) by uj. Then: 

Jw Jw 
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and 



FW 



where 



p J m+l — 2q 



m+l-2q 



if 
if 



|m 

m - 



1 - 2g| ^ 0, 
1 - 2g = 0. 



By the definition of the De Rham map A'^^^ 



gF,q 



m+l — q 



(see |18| Section 3), we have the fohowing commutative diagram of isometries of 
vectors spaces (where the f denotes the dual block complex) 



W{W) 



A 



(-l)'i:c"'-^'?d 



■-H™-9(VK) 



A 



HqiW) 



W{W2) 



0^ 



■•H"-'?(W^2) 



■^/-"'-^(Vt^t) 



Hq{W2 



Commutativity of the first square follows by the given formula for the Hodge 
operator and Lemma[2j Commutativity of the other squares follows by construction. 
For suppose a cell decomposition of W is fixed. Then, a cell decomposition of YW 
is determined with g-cells either the g-cells of W or the product I x c, where c is a 
(g — l)-cell of W. Namely, we are using the direct sum decomposition of the cellular 
chain complex C'g{FW) = Cg{W) © C,_i(VF) © Cq{W). This fix a preferred basis 
for the chain vector spaces. It is clear that the dual block in FW of {0} x c is 
[0, 1/2] X c^, where is the dual block of c in W. Next, recall the De Rham maps 
A'^ and A'^g^ on W and on FW are defined respectively by 



Al{u;)icr) = I 



SF, rcl 



where denotes the dual block of a cell c of W , and the dual block of a cell d 
in FW — dFW . It follows that -^~'^^^{'-^){c^) is non vanishing only on the dual 
block d'^ of [q + l)-cclls d of type {0} x c. Hence, uj must have a non trivial normal 
component, i.e. lj = f2{x)dx A ^2(2/); and the unique contributions are 



f2{x)dx A uj2iy) 



(c,0)t 



f2{x)dx / ^2(2;) 



This gives the isomorphisms in the vertical lines of the last square, and their 
coefficients. 

Now realize the imbedding of W in FW as W2- Let a, be an orthonormal base 

m-2q 

for 'H'i{W). Then, an orthonormal base for 'H'^{W2) is I2 ^ ctq, and applying the 
de Rham maps we obtain 



■^92. 9(^2 



uj) — ^2 



'2 ' g 



^92 
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m-2q m-2g 

and hence a basis hq for Hq{W2) is I2 ^ Ag^q{aq), and Zq = I2 ^ Ag^q{aq). Next, 
consider the conical frustum {FW^gp). An orthonormal basis for 'H'|_,j,(FVF) is 

Tq ^aq, and 



1 i 

Then the basis hq is j'fa, (feg ® © 0), and hence Zg = (zg © © 0). This 

m-2q 

gives det(z^) — i , thus 

[det(ag+l(6g+l),Zg,6g/Cg)] = ^ ^T^T^^ ^ [dct ( 9g+ 1 (5g + 1 ) , (ckg ) , 6g /Cg ) ] ^ 

X [detp(ag (&g) , ^(Ckg- 1 ) , 6g_ 1 /Cg_ 1 ) ] , 

and 



TniiFW,9F);p) = J] (^^j [detp(ag+i(6g+i), ^K), 6g/cg)](-i)'. 

We have proved the foUowing proposition. 
Proposition 1. The R torsion of the corneal frustum is: 

log TRiiFW,gF);p)^ log Tn{iW,qg);p)+ log r (T) , 

where 

^ 2p ^2p+l-2g _ j2p+l-2q 

-, 2p-l ;2p-2g _ i2p-2g 

(-1)^ ^2 
+ '^ploglogy;^, 

where rq = rkiJg(VF). 

We conclude this section with a second proof of Proposition [T] Consider the 
short exact sequence of chain complexes associated to the pair (FW, W2), 

C{W2) C{FW) C{FW, W2) 0, 

by Milnor [12; Section 3], we have 

logTR((FM^, gpY^p) = log MiW, llg)- p) + log m{(FW, 1^2), .9f); p) + logT(r), 

where the complex T is defined by the long exact homology sequence of the pair, 
namely 

(1) T: ^Hq{W2)^Hq{FW)^Hq{FW,W2)^--- , 
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with r3,+2 = Hq{W2), Tzq+1 = Hq{YW) and %q = Hq{¥W,W2). It is clear 
that both the relative torsion and the relative homology are trivial. Therefore the 
torsion of T is given by the graded product of the torsions of the isomorphisms: 
i*,q '■ Hq{W) — > Hq{¥W). Using the graded homology basis given above, we can 
now compute the determinants of the change of basis in the vector spaces of the 
sequence in equation ([I]). At Hq{W^W2) the determinant is 1, at Hq{W2) is 1 and 

at Hq {FW) is I — j , where Vq is the rank of the homology. Applying the 

definition of Reidemeister torsion to the complex T, we obtain (where D denotes 
the determinant of the matrix of the change of basis) 

3 m 

logr(r) =^(-1)' log i^(r,) 

= Y^{-\f nog D{Hq{FW,W2))+Y.^~lf'^^ log D{Hq{FW)) 

m 

+ Y.{~lf'^+'\ogD{Hq{W2)) 

9=0 

= J2{-ir''+' log D{Hq{FW)) 

9=0 
9=0 

4. Analytic torsion 

Using the works of Briining and Ma [H (2, the Cheeger Miiller theor em for an 
oriented compact connected Ricmannian n-manifold (M, g) with boundary reads 
(see lU Section 6] or 9, Section 2.3] for details on our notation) 

logTabs((M,5); p) = logrR((A/,.g); p) + ^^(^M) log2 + rk(p)ABM,ab.(5Af ), 

logT,.ei((M,5);p) = logrR((M,5M,g);p) + ^x(9M) log 2 + rk(p)ABM,rci(5M), 

where p is an orthogonal representation of the fundamental group, and where the 
boundary anomaly term of Briining and Ma is defined as follows. Using the notation 
of [1] (see [9l Section 2.2] for more details) for Z/2 graded algebras, we identify an 
antisymmetric endomorphism of a finite dimensional vector space V (over a field 

of characteristic zero) with the element (f) = 5 X]Jfc=i (^(''^i)' ^ ^k, of K^V . 
For the elements {4>{vj),Vk) are the entries of the tensor representing (j) in the base 
{vk}, and this is an antisymmetric matrix. Now assume that r is an antisymmetric 
endomorphism of A'^V. Then, {Rjk = {'i'{vj),Vk)) is a tensor of two forms in A^V. 
We extend the above construction identifying R with the element 

1 " 

of A'^V A A-^V. This can be generalized to higher dimensions. In particular, all the 
construction can be done taking the dual V* instead of V. Accordingly to [T], we 
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define the following forms (where i : dM — >■ M denotes the inclusion) 

n-l 

2 



fe=i 

^ n—l ^ n—1 

^ = 9 II A A e,*, 6 = - ^ 9^, A el A e,*. 



Here, uj and cjq are the connection one forms associated to the metrics ga and 
gi — g, respectively, where go is a suitable deformation of g that is a product 
near the boundary, fl is the curvature two form of g, Q is the curvature two form 
of the boundary (with the metric induced by the inclusion), and {ek}2Zo is an 
orthonormal base of TM (with respect to the metric g). Then, setting 

2JoJ fcr(| + i) 

the anomaly boundary term is 

ABM,abs(9M) = (-l)"+lABM,rcl(aM) = ^ / B. 

^ JdM 

It is not too difficult to see that in the case of the frustum ¥W , the boundary 
term Abm(Wj) is independent on Ij, either with absolute or relative BC. For let 
{^fclfcLi and {cfcj^Q denote local orthonormal bases of TW and T¥W respectively. 
Then, direct calculations (see Section 3.2], see also Section [6] for an example) 
give 

k = l k=l fe=l 

and Qjk = (ijk- On the other side, it is also clear from the definition that the 
boundary terms on the two boundaries will have either opposite sign or the same 
sign depending on the dimension m of the boundary. We have the following result. 

Lemma 3. The anomaly boundary term on the frustum is: if m is odd 

^BM,abs(i9FTy) = —ABM,ic\{dFW) = 0, ^BM.absVKi ,rclW2 

{dFW) = / B; 
Jw 

if m is even 

ABM..UdFW) = ABM.relidFW) = ABM,.bsW^,rclwA^FW) ^ I B. 

JW 

Proposition 2. The analytic torsion of the conical frustum is 

log Tabs ((FM/,5f);p) =logrR((FM^,5F);p) + ^vk{p)x{W) log2 



l-(-l) 



rk(p) / B, 
Jw 

logT,i,sW^.reiwAiFW,gFy,p)=lrHp)x{W)log2 + Tk{p) f B 

^ Jw 
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5. Limit case 

In this section wc study the hmit case li — )• and the relation with the torsion 
of the cone Ci^W = FW/Wi. For we first give the formula for the analytic torsion 
of the cone (formulas for relative BC follow by duality, as proved in Theorems 1.1 
and 1.2 of IBj). In this section we analyze the case of odd dimensional section, so 
we assume m = 2p — 1, p > 1; we also assume rk(p) = 1. 

Theorem 1 ([9]). The analytic torsion on the cone C'lW on an orientable compact 
connected Riemannian manifold {W, g) of odd dimension 2j3 — 1 is 

logT,UiCiW,gc);po)) =\ Y.{-lY+\kH,{W- Q) log 

+ i logT((T^, Pgy.po) + ^BM.abs(5CiVF). 

A simple calculation (using for example the variational formula for the torsion) 
shows that 

^ m 

\ogT^{(W,fg)-p) = \ogT^({W,g);p) + - ^(-l)%(m - 2g)log;, 
and, by duality 

2p— 1 p— 1 m 

J2 {--^yrqC^P - 1 - 2?) = Y.{-l)%{2p _ 1 - 2g) = - ^(-l)'?r,(m - 2q). 

q=p g=0 q=0 

Thus the formula for the analytic torsion of the cone Ci^W reads: 

1 l""' 
logTabs((ai^,.9c);Po) ^i^\ogT^{{W,g)-pQ) + - ^(-l)%(2p - 1 - 2q) \ogh 

9=0 

+ ^ E(-l)'^'^9 log ^^^T^ + ^BM,abs(aQ, W). 

Consider the formula for the R torsion of the frustum given in Proposition [T] 
It is clear that in the limit li 0+ the last p terms diverge. This suggests the 
following approach. 

Let {W, g) be an oriented compact connected Riemannian manifold of dimension 
TO. Such a space has a class of distinguished CW decompositions (given by the 
smooth triangulations). Let K one of these CW decompositions, and let c the 
preferred graded basis of the chain complex C(VF; Vp) given by the cells, as described 



in Section 3.2 Fix the sets b and z as in Section 3.1 and let A{a) denote the graded 



basis for homology induced by the metric structure as in Section 3.2 and use the 
notation 

Dg = [dctp(a,+i(6,+i),z„6,/c,)] e FV{±1}. 
Let K''' denote the dual block complex, and ^^(q) the q-skeleton. It is clear that 
the p — 1 homology of iir(p_i) coincides with the cycles of K, and the bijection is 
cellular. Consider the torsion 

p-i 

t(W^(p_i);P,w) = r(C(if(p_i);yp),w) - [][detp(a,+i(6,+i), z„ G FV{±1}, 

q=0 



10 



L. HARTMANN AND M. SPREAFICO 



where the Zq are cycles projectmg onto a basis for Hq{K(^p_i^), and w is the induced 



volume element, as in Section 3.2 We can fix w using the geometry. Since is 
another decomposition of W, there is a common subdivision T of K and The 
identity maps id : W = \K\ ^ W = \T\ and id : W = {K'tl ^ W = \T\ are cellular, 
and hence restrict to maps io?(q) : Kf^q^ — T^^) and ic?(q) : {K^)(^q-j — > T(^q), i.e. T(q-) is 
a common subdivision of K(^q^ and It follows that and {K^)(^q) have 

the same torsion up to the choice of the homology volume elements, by [T^ 7.1]. 
Consider the chain complex associated to Let 

Dl - [detp{dl+,{bl^,),zlbl/cl)] e FV{±1}. 

By duality = /i2p-i-g, = ^2p-i-g' ^'^'^ hence 

p-l 2p~l 

and 

2p— 1 P^l P^l 

q=0 q=Q q=Q 

It is clear that the basis .4(0;^) gives an homology basis for Hq{Ki^p_i)) for all 
q < p ~ I. Moreover, Zp_i = dp{bp) , A{ap-i) gives a basis for Hp-i{K(p_i)). This 
basis depends on the 6p, however, if we change the set hp by 5p, we have 

D'p_^ = fci?p_i, 

for some field unit k (up to sign). Also, the dual basis change gives the change 

{D%_, = k-'Dl_,. 

It follows that there exists a family B of homology basis of i/p_i(if(j,_i)), but a 
unique volume element x, such that 

, _ •r(w^(p-i);p,x) 



r((M^t)(^_,);p,xt)- 
This fix the volume element w = x, and with this choice 

TR((t^,5);p) = (T(W^(p-i);p,x))2. 

Back to the frustum, we have that 

M{FW^9F):p) = Y{(^q] Di-^^' 

q=0 




[detp{dq+l{bq+l)Xq, bq/Cq)] 

(r(W^(p_i);p,x)) , 
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where the projects onto an homology basis in B, whose volume element is x. 
This suggests to consider the factor 

MiFW,gFy,p) ^ MiW, llg)-p) 



iw/(p-i);p,x)n™,(^) 



-, rri p-1 ,m+l-2q ,rn+l-2q 

2^l0g/^ + -2^(-l)%l0g 



^ q=P ^ q=o {m+l~2q% 

Hence 

, MiFW,gFy,p) ^ MiW, g); p) 



(-1)'^ "r(W^(p_i);p,x) 



For simplicity, we call the above fraction the geometrically regularized R torsion 
of ¥W , and we use the notation 

Tvi{{eW,gF)]p) = 



r(iy(p_i);p,x)n"=p(^) 
It is easy to see that the limit is 



1 1^"' 
lini log T^{{¥W,gF);Po) \ogT^{{W,go)- p) + - V(-l)V,(2p - 1 - 2g) log^a 

+^£(-1)^^% log fa), 

and this coincides precisely with the analytic torsion of the cone up to the boundary 
term. Comparing with Proposition 4.1 of [9], we see that 

, Im log = log/TR C/,PF , 

T(W^(p_i);Po,x)n,=p(^j 

where the right end side is the intersection R torsion of the cone [B] [TU] . We have 
proved an analytic definition of the intersection torsion of a cone, namely: 

Theorem 2. In the limit FW — > CW , the geometrically regularized R torsion 
of the conical frustum FW over an oriented compact connected odd dimensional 
manifold W gives the Intersection torsion of the cone CW over W . 

In order to complete the analysis of the limit case, we need to consider the 
boundary term. From Section [4] the boundary term of the frustum is 

AjiMMdFW) = 1 f B- \ [ B, 

^ JW2 ^ JWl 

and hence there is a jump discontinuity with 

lim A^yv..hs{d¥W) = \ ( B = ^BM.abs(5G,M^), 
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this completes the proof of the foUowing result. 

Theorem 3. In the limit FW — > CW , the geometrically regularized analytic tor- 
sion of the conical frustum FW over an oriented compact connected odd dimensional 
manifold W gives the analytic torsion of the cone CW over W . 

6. The case of a circle 

Set F = FSgjjj^, where S^^^^ denotes a circle of radius sin a. F is the finite 
surface in R'^ parametrized by 

Xi — r sin a cos 




X2 — r sin a sin 9 
— r cos a 



with (r, 9) G [h, I2] x [0, 27r], and the metric is the metric induced by the immersion 
gp — dr ig) dr + (sin^ a)r'^d9 (g) d9. 

Let K denotes the cellular decomposition of F described in Figure [ij with sub- 
complexes Lj that are cellular decompositions of Wj. Let K be the universal 
covering complex (that is a cellular decomposition of the space F = [hjh] x R). 
It is easy to see that the integral cellular chain complex of K with the fundamen- 
tal group acting by covering transformations gives the following chain complex of 
ZTT-modules, where tt = 7ri(F) = 



C(F; Ztt) : — ^ 1'Tt[c2] — ^ Z7r[ci,o, ci,i, 01,2] — ^ ^7r[co,o, co,i] — ^ 0, 

with boundaries 

92(02) = co,i + ci^o - - ci,2, 
9i(ci,o) = teo,i - co,i, i9i(ci,i) = co,i - co,o, 9i(ci^2) = teo,o - co,o- 

Taking the trivial representation po '■ tt 0{l,R), and considering the complex 
of vector spaces C(F;Ep) = R XpC(F;Z7r), we have Ho{F;Rp) = iJi(F;IRp) = R, 
i?2(F;Rp) = 0. In order to compute the R torsion, we fix bases for homology. In 
dimension zero, take 1 e n°{F). Then, ||1|| = /VoI(F) ^{Ij - If) TTsina, and 
using the De Rham map Af""" = Vq^A'^.^i* : n°{F) Co{K,EpJ) we get 

= v/Vol(F)(co,i -f co,o). 

In dimension one, consider d9 e 'H^(F), satisfying absolute BC. We have \\d9\\'^ = 
^^^luj^, and we want to apply the De Rham map Af^^ — —'Pi^A^c\^- Now, 
Al^^ : n^(F) C^{K\Ep) is defined by A]^^{K){c)) = J^.^ h. Using the basis of 
C^{K^ , Ep), we have ylj^j (dr) (c| i) = 0, since {c^)l is a circle with constant r, and 

-^-i [~rsma\\d9\\'^') ^'1'° ~ "^^^^ ^ "r sina|M^|l ^ "(2vrsina)r 



R TORSION AND ANALYTIC TORSION FOR A CONICAL FRUSTUM 



13 





Figure 1. Cell decomposition of F. 



This gives Af^ {j§\\) 



r(ci,o ~ ci^2)- Therefore: 



(2tt sin a) 2 

{di{bi),zo,bQ} = {co,i - co,o,0, a/Vo1(F)(co,o + co,i)}, 



(In 1^)5 
-- — r^— r(ci,o -ci,2)}, 
[Ztt sm a) 2 



{92(^2), zi,bi,} = {ci^o + ci,2,ci,i, 

{53(fc3),^2,62} = {0,C2,0}, 

and the torsion is 

X ^ A,, „ ^ , / M VVol(F) 7rsina(2a? - Z?))3 

tr((F,5f);Po) = nid^t(a,+i(6,+i),z„6,/c,)| = ^ = , 

,=1 ('"il)"^ (In if)' 

(27rsina) 2 

Similar calculations for the pairs (F, dF) and (F, W2) give, respectively, 

(Inff)^ 



rR,((F,9F,gF);po) 



(27rsina)2 TT sin a (2 (^^ ~ ) ) 3 

TR((F,M/2,gF);Po) = i. 



Triviality of the last is expected since this corresponds to the cone relative to a 
point, up to simple homotopy type. 
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6.1. Anomaly boundary term. We determine the forms S and B appearing 
in the definition of ABs,abs(5F). Since the last is local, and the boundary dF — 
Wi U W2 is non connected, we consider the three metrics: gp, and gj = dr ® dr + 
sin^ aPjdO® dO. In the first metric, an orthonormal basis is = g^, e*" = dr, ee^ — 
— I — 4oi and = rshiadO. The non trivial Christoffel symbols are: TJo = —- 

r sin a oa ' ^ tf b r 

and Tg^j, — ^, and the connection one form is 

{i^Yg = — = — sinad^, 
r 

implying the vanishing of the curvature. In the metric gj it is easy to see that the 
connection one form vanishes identically. Applying the definition 

-Swi =Sw2 = ~ 'ij^odiYe^'^ = ~^sinad9e^, 

(where i* is the inclusion of the boundary Wj ) , giving 

1 /"W^ 1 „ , 1 1 /"^ . ,„.fl sina 



and hence 



1 f o .wTF^ (-1) 



3 



Abm,MWj) = -Mp) / ^ Bw.i^in = ^-^rk(p)sina 

I .■ sin a 

^BM,roi(W^i) = ^ rk(p)sina. 



6.2. Analytic torsion. In this section we compute the analytic torsion of F in the 
trivial representation. The technique is the one used in [5], and we refer to that 
work for details. We write - = sin a, for convenience. So the Hodge operator is 
★1 = ^-dr A d9, -kdr — ^dd, -kdO = —^dr, -kdr A d9 = ^, and the Laplace operator 
reads 

A('Hf)=-d'rf-ldrf-'^d^ef, 

A^'Hfrdr + fedg) ^ (^-dfjr - '^d^efr + ^fr - \drlr + ^^s/fl) dr 



-dlfe - -^dlfe + ^drfg ~ "-deU ] dO, 



r2 

,2 



Proceeding as in [51 Section 3] or [71 Lemma 3], we find a complete system of 
eigenforms for A, and imposing absolute and relative BC respectively, we obtain 
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the spectrum 





-{2: 


-2 
■ ^vn,k 


-| oo 
■>n,k-- 


r - 2 ^ oo 
.iU|ao,fc|,^i, 




= {2: 


~2 
■ '^vn,k 


-| oo 
' J n,/e- 


.iU{2:a2„ J 


SpAi?^. 


= {2: 


2 

■ ^vn,k 


-1 oo 
'J n,fc- 


r 2 1 oo 
.iU|ao,fc|,^i; 


SpaL"? 


= {2: 


■ «2 

■ "■vn,k 


-1 oo 
'J n,fc- 


r 2 1 oo 
.iU|ao,fcK=i> 


SPA^^,' 


= {2: 


2 

■ ^un,k 


-1 oo 
■)n,k-- 


.iU{2:(i2„^J 


SpaLI 


= {2: 


~1 
■ '^vri,k 


-| oo 


r ^ 2 T OO 

.lU|ao,fc|,^l, 



-2 l °° 



where the a,yn,k, o,vn,k are the zeros of the function i^^„(z), F^^.k, respectively (here 
J_o is replaced by Fq): 

Fm{z) = J'ynihz) JLynihz) - Jln{l2z)j'_i,nihz). 

The torsion zeta function is 

2 

2 



iab.Ael(s) = ^^(-l)'C(s,Ai^,i/^^,), 
9=1 

and using the above description of the spectra, after some simplification, we obtain 



(2) iabs(s) - -t,.ci(s) = - E + ^ E «o,'/ - ^ E °o",fc^ ■ 

n.fc— 1 n,k—l k=l k — 1 

To compute the derivative at zero of the last two functions, Z{s, So) = X^fcLi fe'*; 
Z{s,Sq) = X]fc°=i'^ofc*' Proposition 2.4 of ^9j. For we need the asymp- 

totic expansion for large A of the Gamma functions associated to the sequences 
So — {ao,fc}fcLi ^^'^ "^0 — {'^o,fe}fcLi (see [ini Sec. 2.1]). Proceeding as in [51 
Section 5.2], we have the product representations (for — tt < arg(2;) < ^) 



2 ] ( 
Go(^)=Fo(^z) = -log^[] (l 



fe=i V ""o.fe, 

2 ;2\ +°o 



Go(.)=Fo(.z).l(^)n(l 

that give 



TT V ^1^2 / , , V («o,fc)^ 

k—V 



gr(-A,5o) = -logn (l + ^l =-logGo(\/^) + log-+loglog^ 



k=l 



'0,k 



logr(-A,5o)--logn (l + =-logGo(y^)-log7r + log ^^^^ 
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Using classical expansions for the Bessel functions, we have the expansions for 
large A 

log r(-A, ^o) - log + I log hh + log log 5^ + log 2 - ih - h)V^, 

logr(-A, ^o) ^ log - ^ log hh + \og{ll - il) - {h - h)V^, 
that give 

Z'{0, S„)^-l log hh - log log - log 2, 

Z'o{0,So)^lloghh-\ogill~ll). 

For the double series we use Theorem 3 of {8^ and its corollary. For we consider 
the zeta functions: Z{s, S) = J2'^,k=i ^Zn%^ ^(*' ^) = S^fc^i Kl^.k^ associated 
to the double series S = {a~l%}'^^f,^^, S = {Kn%}nM=i^ respectively. We first 
prove that the two double sequences are spectrally decomposable over the sequence 
U — {(i^'T')^}^!, with power 2 and length 3 according to Definition 1 of (for 
the proof see [71 Section 5.5]). Next, we need uniform asymptotic expansion of 
the associated Gamma functions r(A, 5'„/(z^n)^), T{X, Sn/ [vnY), for large n, and 
expansions for large A. We have the product representations (— tt < arg(z) < ^) 
[SI Section 5.2] 

G,{z)^F,{iz) 




sin(i/n7r) 


f log| 




_ n 






lun 
'2 


sin(ymi) 


f log| 






I'm: 







Gv{z) = fFy{iz) 
This gives 

log r(-A, SnKi^nf) = - log G^„(z^n\/^) + log 
logr(~A, Sn/{i^nf) - - log G,r.{yn^) + log 

- l0g(-A/i/2), 

and using the asymptotic expansions of the Bessel functions and of their derivatives 
for large index [TTJ (7.18), Ex. 7.2] we have the desired expansions. According to 
equation ([2|, we just need to work with the difference Z{s, S) — Z{s, S). After some 
computations, we obtain the asymptotic expansion for large n (uniformly in A) 

logr(-A, Sn/{>^nf)~ logr(-A, S,J{,ynf) 

= -I log(l - XlDil - Xll) + 0i(A)— + O (j^ 

where (j}i{X) = Vi{hV^) - Ui{hV^) - Vi{hV^) + UiihV^), and using the 
coefficients in the expansions of the Bessel functions given in [TTI (7.18), Ex. 7.2] 

01 (A) - 




(i-/2A)i {i-iix)i 2ui-qx)i (i-qx)^ 
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Applying the definition [8, (11)] 



,2s ,2s^ /'irGs + i) ir(s + §) 



^ ' ^ ' \2 r(i)s 2 r(f)s 

and Resos^o ^i("^) — R-csig^o — 0- On the other side, the expansion for large 

A is 



logr(-A, SJiiynf) - logr(-A,5„/(j.n)2) = -log(-A) - loghh + O 



1 



Z'(0, S) - Z'(0, ^) = - i log ?i?2 + log - log 27r, 



Recalling the definition in [8, (13)], we have ao,o,ri = ^ log/i?2, ao,i,n = — 1, 
bififl = &i,o,i = 0, that gives 

°° lo Z / oo 

^o,o(s) = -V7 — Ao,i(s) = -V- — — 

n=l ^ ' n=l ^ ' 

and 

^o,o(0) = ^logZiZs, ^o,i(0) = ^, A;,i(0) = -logt/ + log27r. 
Collecting all these results and applying Theorem 3 of [8] we obtain 
Z'{Q,~S)- 
that by equation Q gives 

logr,b.((F,gF);po) ^-logT,,i((F,gF);po) ^Cs(O) -log ^^,^^^%~9^' - 

(log 1^)5 1/ 

6.3. Some limits. The geometry of F has at least two natural limit cases: the 
cone over W2, reached for — ^ 0+, and the cylinder over W2, reached for li — 
We investigate in this section the value of the torsion of F in these two limit cases. 
The first case is an instance of the general case discussed in Section [5j It is easy 
to realize that in the limit for li — >■ 0"*", the torsion of the conical frustum diverges. 
So consider the geometric regularized R torsion (the extension to analytic torsion 
is straightforward). Then, W = Sf si,jQ, the circle of radius I2 sin a, and VF(o) is its 
preferred cell. Since m — 1 = p, the volume element x is fixed by the Ray and 
Singer basis for the homology of 5^. Thus, 

TRiiSlsina){o)lPo,x) = {detp{ho/cf))]. 
Looking at the calculation of the torsion of a sphere in Tl], the harmonic ba- 
sis in dimension is l/i/Vol(5;^^ ^j^^^), and applying the De Rham map — 



{^Vol(^i,,„Jco,o}. Since p = po, then rR((5i J(o); p, x) = .JVol{sj~) 
•\/27r/2 sin a. Therefore, 

tr{(P,9f);Pq) _ tr((F,.9f);Po) 



TR((F,gi^);po) = 



^R(('5,,sina)(0);P0,x) (^^j ^ 
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This gives 



^^lim^TR((F,5F);Po) - yVol(c5^~J ^ 



sina = rfl((CS'/^,i„„,gc);Po)- 



Next, consider the cylinder. This is reached by fixing bi — ^isina and h = 
[h — h) cos a, and taking the limit for a — ?■ 0. The result is 



where the 551 is the standard metric (see [H]), consistently with the fact that a 
cylinder has the same simple homotopy type of a circle. 
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